Abstract. Let (n; ) denote the maximum possible domination number of a graph with n vertices and minimum degree . Using known results we determine (n; ) for = 0; 1; 2; 3, n + 1 and for all n, where = n ? k and n is su ciently large relative to k. We also obtain (n; ) for all remaining values of (n; ) when n 14 and all but 6 values of (n; ) when n = 15 or 16.
Introduction
We denote the domination number of a graph G by (G) . By an (n; )-graph we mean a graph with n vertices and minimum degree . Let (n; ) be the maximum of (G) where G is an (n; )-graph. Using known results 3, 7, 8, 9] one easily nds the exact values of (n; ) when = 0; 1; 2; 3. It is also fairly easy to obtain (n; ) when = n ? k for n su ciently large relative to k. By various methods we also nd (n; ) for all remaining values of (n; ) when n 14 and all but 6 values of (n; ) when n = 15 and 16. Many values can be established using the upper bounds in 2] together with examples found by computer search or ad hoc techniques. In a number of cases we have used Brendan McKay's program makeg 6] to generate all nonisomorphic (n; )-graphs while checking the domination numbers using a simple recursive, depth-rst search.
Our results give support to the the natural conjecture that (n; ) is attained by an (n; )-graph with the minimum number of edges, that is, by a regular graph if n is even or by a graph with degree sequence ( +1; ; ; : : : ; ) if n is odd. We are able to verify the conjecture for all the cases mentioned above where we are able to determine (n; ) and in at least one case where we are not (see Proposition 4.11). However, see Section 5 for some evidence in oppostion to the conjecture.
To simplify discussion we say that a graph is almost -regular if its degree sequence has the form ( +1; ; ; : : : ; ) and we de ne r (n; ) to be the maximum of (G) where G is an (n; )-graph which is regular if n is even and almost regular if n is odd. In this notation the above mentioned conjecture becomes (n; ) = r (n; ) for all n and .
We use the following standard notation. Let G = (V; E) be a graph with vertex set V and edge set E. We Table 1 contains the value of (n; ) for n 16, 0 n ? 1 if the value is known, otherwise upper and lower bounds for (n; ). We establish these values in Sections 2, 3 and 4. and provided that n is even,
3) k r (n; ) r (kn; ):
We will need the following two theorems:
Ore's Theorem 7] . If G is an (n; )-graph with 1 then (G) n=2. Reed's Theorem 9]. If G is an (n; )-graph with 3 then (G) 3n=8. Proposition 2.3. For n 1 (n; 0) = r (n; 0) = n and for n 2 (n; 1) = r (n; 1) = bn=2c:
Proof. The case = 0 is trivial and the case = 1 is immediate from Ore's Theorem.
Proposition 2.4. For n 3, (n; 2) = r (n; 2) = ( bn=2c ? 1; if n 2 (mod 4) bn=2c;
otherwise.
Proof. From Ore's Theorem we have (n; 2) bn=2c. Consider the four cases:
(1) n = 4k, k 1.
(2) n = 4k + 1, k 1.
In cases (1) and (2) bn=2c = 2k so in these cases it su ces to exhibit a 2-regular graph G with (G) = 2k. In case (1) we can take G to be the disjoint union of k 4-cycles. In case (2) we can take G to be the disjoint union of k ? 1 4-cycles and one 5-cycle. In case (4) we can take G to be the union of k 4-cycles and one 3-cycle.
Then (G) = 2k + 1 = bn=2c.
For case (3) we rst note that by 8] or 3] if a graph G has no isolated vertices and if (G) = n=2 then each connected component of G is either a 4-cycle or has a vertex of degree 1. Since we are interested here only in graphs with = 2 it follows that such a graph cannot have (G) = n=2 unless it has order 4k. So in case (3) we have (n; 2) n=2 ? 1 . To see that this upper bound can be attained one must only consider the disjoint union of k ? 1 4-cycles and one 6-cycle. Proposition 2.5. If n 4 then (n; 3) = r (n; 3) = b3n=8c:
Proof. From Reed's Theorem (n; 3) 3n=8. Thus it su ces to exhibit for each n 4 an (n; 3)-graph G n which is 3-regular if n is even and almost regular if n is odd such that (G n ) = b3n=8c.
We rst note that it su ces to nd the graphs G n for 4 n 11: For 12 n 15 we can take
If n 16 we can write n = 8k + r where k 1 and r 2 f8; 9; 10; 11; 12; 13; 14; 15g. Then b3n=8c = 3k + b3r=8c: So if we let G n be the disjoint union of k copies of G 8 and one copy of G r we have
Moreover since G 8 is 3-regular, G n will be regular if r is even and almost regular if r is odd. (1) (n; n ? 1) = r (n; n ? 1) = 1 for any n 1.
(2) (n; n ? 2) = r (n; n ? 2) = 1 for odd n 2. (3) (n; n ? 2) = r (n; n ? 2) = 2 for even n 2.
Proof. For each of the cases (1) and (2) there is a vertex of degree n ? 1 which by itself forms a dominating set. For case (3) any regular graph with = n ? 2 clearly has domination number 2.
Lemma 3.3. Let n 2 and let G be an (n; )-graph with a vertex of degree . (1) If (k ? 1)(k ? 2) + 1 < n then (n; n ? k) = r (n; n ? k) = 2:
(2) If n is odd, k is even and (k ? 2) 2 + 1 < n then (n; n ? k) = r (n; n ? k) = 2 Proof. If k 3 then (n; n ? k) 6 = 1 since a regular or almost regular graph with = n?k has vertices of degree at most n?k +1 so a single vertex cannot cover all n vertices. Hence whenever (n; n ? k) 2 we have (n; n ? k) = r (n; n ? k) = 2. By Lemma 3.3 (n; n ? k) 2 if (k ? 1)(k ? 2) + 1 < n. This proves (1). To prove (2) we observe that if n is odd and k is even then = n ? k is odd and so any (n; )-graph has a vertex of degree at least +1 so we can take = +1 = n?k+1 in (3.1) and we obtain (2).
Corollary 3.5.
(1) (n; n ? 3) = r (n; n ? 3) = 2 if n > 3.
(2) (n; n ? 4) = r (n; n ? 4) = 2 if n 7.
(3) (n; n ? 5) = r (n; n ? 5) = 2 if n > 13. (4) (n; n ? 6) = r (n; n ? 6) = 2 if n 21 or n = 19. (5) (n; n ? 7) = r (n; n ? 7) = 2 if n > 31. 4 . (n; ) for n 16.
In Table 1 we give a list of values (or bounds) for (n; ) when n 16. In this section we justify the entries of this table. See Table 3 in Appendix A for a summary of how entries in Table 1 are obtained. From Propositions 2.3, 2.4, 2.5, 3.2 and Corollary 3.5 we obtain immediately the exact values of (n; ) for all values of n and for n 16 except for the following 33 cases:
(1) n = 9, = 4. The number of unknown (n; ) can be reduced further by using the upper bounds given in Proposition 3.1 (taking s = 1) and Reed's Theorem. See Table 2 for upper bounds computed using Proposition 3.1. Let Ub(n; ) denote M(n; ; +1; 1) if n is even or M(n; ; + 2; 1) if n is odd. If the entry in the (n; )-th cell of Table 2 is a single number then that number is Ub(n; ) and is, in fact, equal to (n; ). So only an example su ces to establish (n; ) in these cases. Tight lower bounds are given by the graphs G(n; ; ) in Appendix B. Each graph G(n; ; ) listed in Appendix B is an (n; )-graph with domination number . These graphs are regular if n is even and almost regular otherwise. After applying these results we have only the following 15 remaining cases:
(1) n = 10, = 5. As indicated in Table 3 (in Appendix A) all but 6 of these cases are settled by one of the following propositions and/or the use of an exhaustive search using Brendan McKay's program makeg augmented with a subroutine to compute domination numbers. For example we use Propostion 4.1 below to reduce the determination of (10; 5) to the determination of r (10; 5). Then we search through all 5-regular graphs of order 10 to nd that r (10; 5) = 2. 2-3* 2 2 2 1 1 16 5,6,5 4-5* 4 3-4* 3 2-3* 2-3* 2 2 2 2 1 An entry of the form a; a +1; indicates that (n; ) = a and Ub(n; ) = a +1. is the least postive integer for which M(n; ; +1; 1) = a. Thus in these cases one obtains a tight upper bound by assuming the existence of a vertex of degree . In cells containing x-y the value of (n; ) is unknown, but our current best upper bound is given by Ub(n; ) = y and x is our current best lower bound.
Several times below we need the following trivial result. Proof. From Proposition 3.1 (see Table 2 ) we obtain (10; 5) 3 so it su ces to show that if G = (V; E) is a (10,5)-graph that is not regular then (G) 2. If 7 then by Lemma 3.3 (or Table 2 ), (G) 2. So suppose that = 6. Let x be a vertex of degree 6. Then V is the disjoint union of N x], the closed neighborhood Proof. From Appendix B there is a 4-regular graph of order 14 with domination number 4. This lower bound also follows from Lemma 2.1 and the fact that (7; 4) = r (7; 4) = 2 by Corollary 3.5. Thus it su ces to show that if G = (V; E) is a (14,4)-graph then (G) 4. If there is a vertex of degree 7 we obtain (G) 4 from Proposition 3.1. Hence we may assume that is at most 6.
We consider two cases: (2) holds. Note that if G is not regular then it contains a vertex of degree at least 5 and by Proposition 3.1 there will be two vertices that cover at least 10 vertices which puts us back in case (1). Thus we can assume that G is 4-regular. Note that this implies that N a] \ N b] 6 = ; for all vertices a and b.
Hence any two vertices can be covered by a single vertex. Thus if we are able to show that we can cover 12 vertices with 3 vertices we will know that (G) 4. By taken from hAi. So we may assume that hAi has at most one edge. The sum of the degrees (in G) of the vertices of A is 9 since the single vertex of degree 2 is not in A. Since hAi has at most one edge, there are at least 7 = 9?2 edges between N(v) and A. Hence at least one vertex, say x, in N(v) must be incident with 3 of these edges. It follows that fx; vg is a dominating set for G.
The restriction that 3 in the preceding lemma is essential. A graph with = 3 can be constructed meeting the other hypotheses even if we assume no isolated vertices. Begin with the tetrahedron K 4 . Add an additional vertex connecting it to any two vertices of the tetrahedron. Finally, add two additional vertices, connecting each to one of the remaining two vertices of the tetrahedron. This graph has 10 edges and 7 vertices, but has maximum degree 4 and minimum degree 1. The graphs described by the lemma had maximum degree 3 and minimum degree 2. There is also a graph with 7 vertices, 10 edges, minimum degree 2, maximum degree 4 with domination number 3.
Proposition 4.8. r (14; 6) = (14; 6) = 3.
Proof. By Appendix B there is a regular (14; 6)-graph whose domination number is 3. That r (14; 6) = (14; 6) follows from Proposition 3.1. It remains to prove that r (14; 6) 3.
Let G = (V; E) be a regular (14; 6)-graph. Since every closed neighborhood contains 7 vertices, (G) = 2 if there are disjoint closed neighborhoods in G. Thus we can assume that any two closed neighborhoods N x] and N y] intersect in at least one point. This implies that any two vertices can be covered by a single vertex. So if we can cover 12 vertices with just 2 vertices we will be done. We will show that for any x; y 2 V; N x] \ N y] 6 = ;. Given this, choose x 2 V of degree at least 6 and apply Proposition 3.1 with S = fxg to conclude that g 3 2.
This will mean that 3 vertices of G cover all but (at most) 2 vertices of G and the remaining 2 can be covered by a single vertex since their closed neighborhoods are not disjoint completing the proof. This common element must be a vertex of degree at least 8. Given a vertex of degree 8, Proposition 3.1 applies to show that the domination number of G, in this case, is at most 4.
Miscellaneous Remarks
The following proposition tempts one to conjecture that r (n; 4) = (n; 4) = b n 3 c. One of the authors has conjectured that r (n; ) = (n; ) is always true. Indeed, no example to the contrary has been found in our search. Even when the value of (n; ) is not known, one is sometimes able to show that r (n; ) = (n; ), see, e.g., Proposition 4.11. The other author conjectures that r (n; ) = (n; ) is false. The discussion following Lemma 4.7 provides an example where a more uneven distribution of degree for the vertices of a graph leads to a higher value of even though the number of vertices and the number of edges remains the same.
Finally we remark that if graphs are assumed to be connected at least in the cases = 1 or = 2 di erent results may be expected. See, for example, 5] where it is proved that with a few exceptions the domination number of a connected (n; 2)-graph is at most 2n=5. The number in the (n; )-th cell is the number of the proposition which justi es the corresponding value in Table 1 . The letter code is as follows: a With lower bound from Appendix B graph G(n; ; ) b Also used Lemma 2.1 with (n; ) = 2 (n=2; ) c Also required computer search d Also used Lemma 2.1 with (7; 4) + (6; 4) = 4 e Con rmed by computer search using 11 days of cpu time f Also used Lemma 2.1 with (9; 4) + (6; 4) = 5 R Reed's Theorem
